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Abstract 
Let X and Y be Tychonoff spaces and C(X, Y) be the space of all continuous functions from 
X to Y. The coincidence of the fine topology with other function space topologies on C(X, Y) 
is discussed. Also cardinal invariants of the fine topology on C(X,W), where R is the space 
of reals, are studied. To answer some questions of Di Maio and Naimpally (1992) other function 
space topologies are investigated, namely, Krikorian topology, open-cover topology, graph topology, 
topology of uniform convergence, proximal graph topology. 0 1998 Elsevier Science B.V. 
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1. Introduction 
The fine topology is defined on the set C(X, Y) of continuous functions from a topo- 
logical space X into a metric space (Y, e), and has applications in approximation theory, 
differential geometry, and rings of continuous functions [3,7,8]. A goal of this paper is to 
compare the fine topology to other function space topologies and to study the properties 
of the fine topology by characterizing a number of cardinal invariants for this topology. 
We show that the four properties of the fine topology on C(X) (= the space of con- 
tinuous real-valued functions) being countable, being separable, being a Lindelof space, 
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or having the countable chain condition are each equivalent to X being compact and 
metrizable. We investigate the topological properties of X and Y which force inclusions 
or coincidences of various function space topologies, including the fine topology, the 
Krikorian topology, the open-cover topology, the topology of uniform convergence and 
the graph topology. We also give answers to some questions raised in [ 11. 
Perhaps the first approach to the topological properties of the fine topology can be 
found in [ 121, where a new topology (eventually named after the author, Krikorian) was 
constructed to describe the fine topology when X is paracompact. In fact, in this case 
the fine topology is independent of the compatible metric e on Y since the fine topology 
coincides with this Krikorian topology. 
After the preliminary section with definitions of the function space topologies, the 
second section of this paper is devoted to the fine topology. Five cardinal invariants are 
investigated, and the fine topology is seen to behave like a metric topology in the sense 
that weight, density, Lindelof number and cellularity are all equal for this topology. We 
also examine the coincidence of the fine topology, which is sensitive to the change of 
compatible metric on Y, with the graph topology and the Krikorian topology, whose 
constructions are entirely topological. 
In the third section we analyze the position of the Krikorian topology with respect 
to the topology of uniform convergence, and state necessary and sufficient conditions 
which force inclusions and coincidence. We prove that for X countably compact and Y 
metric, the topologies of uniform convergence, Krikorian, fine, open-cover, and graph all 
coincide on C(X, Y). 
In the fourth section we prove that if IV is the (nonmetrizable) space of all ordinals less 
than the first uncountable ordinal, then the topologies of uniform convergence, Krikorian, 
graph and open-cover all coincide on C(W, IV). 
Finally in the fifth section we answer some questions posed in [l]. 
Throughout the paper, the space of real numbers with the usual topology is denoted 
by R, and the set of positive integers is denoted by N. 
2. The fine and other topologies 
In what follows let X and Y be Tychonoff spaces and C(X, Y) be the space of all 
continuous functions from X to Y. If Y is equal to R we write C(X) instead of C(X, R). 
Denote by M(Y) the set of all compatible uniformities on Y. For each ,u E M(Y) 
we can define the topology of uniform convergence rp [l I] on C(X, Y) as follows. For 
every V E p, let 
p = {(f, 9) E C(X, Y) x C(X, Y): (f(z), g(x)) E V v’z E X}. 
It is well known that {c: V E p} is a base for a uniformity on C(X, Y). De_note by 
TV the topology generated by this uniformity. If_V E /1, f E C(X, Y), then by V[f] we 
mean as usual the set {g E C(X, Y): (f, g) E V}. We use the notation 7~ if the context 
does not force us to specify I_L. 
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In the first part of our paper we study the$fine topology rw. To consider rw (also called 
the Whitney topology, Morse topology, or m-topology) [ 15,1,2 1,7], let (Y, e) be a metric 
space. Then a base for T, consists of sets of the form 
B(f,E) = (9 E C(X,Y): e(f(~),9(~)) < 42) vx E X}, 
where E E C+(X), the set of strictly positive functions in C(X). It is easy to verify 
that the uniform topology on C(X, Y) generated by the metric e is weaker than the fine 
topology. (Basic open sets in (C(X), rU) look like B(f, E) = {g E C(X): If(z) - g(z)1 
< E(Z) V’z E X}., 
We study cardinal functions on the space C(X) of continuous real-valued functions 
equipped with the fine topology and at the end of this section we show that if X is a 
countably paracompact normal space and Y me&able then the fine topology on C(X, Y) 
does not depend on the choice of a metric on Y. 
The fine topology is called the m-topology in [7] and [3] and has been studied, for 
example, in [ 151; [3, Exercises 2N, 74, lOF]; [16] and [17]. 
It is known that (C(X),T,) . IS not necessarily a topological vector space [3,16]. In 
fact (C(X)!7,) IS a topological vector space if and only if X is pseudocompact, in 
which case the fine topology is the same as the topology of uniform convergence. But 
it is always true that (C(X), rU) is a topological group under addition; and therefore 
(C(X), rw) is always homogeneous. So the topology is determined by the family of 
neighborhoods of the constant mapping from X to 0, which will be denoted by fo. 
Another fact shown in [15] is that (C(X), rw) is always pseudocomplete. A space is 
pseudocomplete provided that it has a sequence {a,: 7~ E N} of n-bases such that if 
B, E f3, and &+I c B, for each n, then 
n{&: 7L E N} # 0. 
(A r-base for 2 is a family P of nonempty open subsets of 2 such that every nonempty 
open subset of 2 contains some members of P.) That (C(X), rw) is pseudocomplete is 
proved by letting 
f?, = 
( 
B(f,$): f E C(X) and 4 E C+(X) with 4(z) < & for all z E X 
1 
for each n E lV; so that each B, is a base in (C(X), rU) and if B, E B,, with the 
closure of each B,+, contained in B,, then n{B,,: n E IV} # 0. On the other hand, 
(C(X): 7”) does not satisfy the stronger property of being Tech-complete, as will be 
shown in Corollary 2.5. 
We are primarily interested in five cardinal functions [6] which correspond to well- 
known countability properties. First, the cardinality of a set S will be denoted by IS’. 
The character of a topological space X at a point z is defined by 
y(X:z)=No+min{lO,I: B,isabaseforXatz}. 
Then the character of X is given by 
X(X) = sup {X(X, z): z E x} 
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Note that X is first countable if and only if X(X) = No. The weight of X is defined by 
w(X) = No + min {[al: B is a base for X}. 
Clearly X is second countable if and only if w(X) = No. The density of X has definition 
d(X) = No + min { JDI: D is a dense subset of X}. 
So that X is separable if and only if d(X) = No. The Lindelof number of X is equal to 
the number 
L(X) = No + min{m: every open cover of X has a subcover of cardinality 6 m}. 
A space X is a Lindelof space if and only if L(X) = No. Finally, the cellularity of X is 
defined by 
c(X) = No + sup { IU]: U is a pairwise disjoint family 
of nonempty open subsets of X}. 
Then X has the countable chain condition if and only if c(X) = No. 
To study the character of (C(X), I-~) we must first look at a different cardinal function 
on X. Define a subset F of C(X) to be dominating provided that for each g E C(X), 
there exists an f E F such that g < f (i.e., g(z) < f(z) Vx E X). Then we define the 
domination number of X by 
dn(X) = min { IFI: F is a dominating subset of C(X)}. 
The domination number of the space N of positive integers (with the discrete topology) 
is denoted by d, and was studied in [lo]. This cardinal number d lies between the two 
cardinal numbers Nr and 2n0, and it is consistent with ZFC that it be equal to either one 
of these numbers or to neither of them (see, for example, [5]). 
Proposition 2.1. A space X is pseudocompact if and only if dn(X) = No. If X is not 
pseudocompact, then dn(X) b d. 
Proof. Suppose X is pseudocompact. For each n E N, let fn be the constant map in 
C(X) taking X to n. Clearly { fn: n E IV} is a dominating subset of C(X), so that 
dn(X) < No. But no finite subset of C(X) can be dominating, so that dn(X) = No. 
Suppose X is not pseudocompact. Then there exists an f E C+(X) which is un- 
bounded. So there is a sequence (zn) in X such that (f(x,)) is an unbounded increas- 
ing sequence of distinct numbers. Let Z = (5,: n E W}, which is a closed discrete 
C-embedded subspace of X. Let F be any dominating subset of C(X). To show that 
the set F’ = {flz: f E F} is a dominating subset of C(Z), let g E C(Z). Then g has 
an extension g* E C(X). So there is some f E F with g* < f, and hence g < flz. 
Since dn(Z) = d, then we have IFI > IF’1 > d; and thus dn(X) > d. 0 
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The next theorem shows that the inequality in Proposition 2.1 is in general the best 
possible. 
Proposition 2.2. If X is locally compact and a-compact but not compact, then 
dn(X) = d. 
Proof. Let X = U{Kn: n E RI}, where each K, is a proper compact subset of the 
interior, Int K,+,, of K,+l. For each n, let A, = Kz,, \ Int Kzn_i and B, = K2n+~ \ 
. IntK2,. Then {A,: n E N} and {B,. n E N} are both pairwise disjoint families of 
nonempty compact subsets of X. Let F be a dominating subset of C(N) with IFI = d. 
For each 4 E F, choose an f4 E C(X) such that f@(x) = 4(n) if z E A,, and f4(z) lies 
between 4(n) and $(n + 1) if 17: E B,. Such an f+ can be defined by induction because 
compact subsets of Tychonoff spaces are C*-embedded. Now define F’ = {_f4: 4 E F}, 
so that IF’1 = IFI = d. 
To show that F’ is a dominating subset of C(X), let f E C(X). Define 1c, E C(N) by 
$(n> = sup {f(x): z E K2n+2}. 
Then there is some 4 E F so that $ 6 4. One can check that f < f+, as required. 
Therefore F’ is dominating, and so dn(X) < d. However, since X is a-compact but not 
compact, then it is not pseudocompact. Then by Proposition 2.1, dn(X) = d. 0 
Now getting back to the fine topology, we have the following characterization of its 
character. 
Theorem 2.3. For every X, x((C(X), TV)) = dn(X). 
Proof. We first show that X((C(X), rw)) 6 dn(X). Let F be a dominating subset of 
C(X) with IFI = dn(X). W e may assume that F c C+(X). It suffices to show that 
the constant 0 function fs in (C(X), 7,) h as a base of cardinality at most dn(X). For 
each $ E F, (l/4) E C+(X), so that 
B= {B(fo,-$: W} 
is a family of open neighborhoods of fa in (C(X),r,) with If3 < IFI = dn(X). We 
need to show that 23 is a base at fa; so let $ E C+(X). Since F is dominating, there is 
a 4 E F with (l/$) < 4. Then (l/4) < $, and it is clear that 
Therefore B is a base at fa, and so X((C(X),rU)) < dn(X). 
Finally we show that dn(X) 6 x((C(x),~,)). Let Z? be any base at fo such that 
IBI = X((C(W,~u)). w e may assume that each member B of f? looks like B(fo, 4~) 
for some 4~ E C+(X). Define 
F={&: BE,). 
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To see that F is a dominating subset of C(X), let f E C(X). Then there is some 
11, E C+(X) with f G 111. So there exist a B E I3 with B c I?(& l/+). This means that 
WO,h3) c B fo, ; . ( 1 
We need to establish that 4~ 6 (l/$), because then f < II, < (1/4~), as needed. 
Suppose that it is not true that +B 6 (l/q); then $B(Z) b (l/$(Z)) for some II: E X. 
Let k = (~/$(x)$B(z)), h’ h w K is a number strictly between 0 and 1. Since Ic < 1, then 
k$g E B(fo, 4~). But k4B = (l/$), so that k4g $ B(fo, I/$). With this contradiction, 
we have $B < (l/+). Th ere ore F is a dominating subset of C(X), which shows that f 
NX) < IFI 6 IDI = x((C(X),-r,)). IJ 
Corollary 2.4. Zf X is locally compact and o-compact but not compact, then 
x((C(X), 7,)) = d. 
The next corollary occurs in [15], where it is assumed that X is normal. As we see, 
that is an unnecessary hypothesis. 
Corollary 2.5. The following are equivalent. 
(1) (C(X), 7,) is$rst countable; 
(2) (C(X), rW) is metrizable; 
(3) (C(X), 7;) is completely metrizable; 
(4) (C(X), 7,) is tech-complete; 
(5) X is pseudocompact. 
Proof. If X is pseudocompact, then the fine topology coincides with the topology of 
uniform convergence [16], which is completely metrizable. The fact that (4) implies (1) 
is because the fine topology is submetrizable [16] (it contains the topology of uniform 
convergence), and therefore points are Gs-sets. A Tech-complete space in which points 
are G&-sets is first countable [13]. 0 
The remaining theorems illustrate how global properties of the fine topology imitate 
those of metric spaces. 
Lemma 2.6. For every X, w((C(X), 7,)) = x((C(X), 7,)) . d((C(X),T,)). 
Proof. For any space 2, w(Z) 3 X(Z) . d(Z). S o we need to establish the reverse in- 
equality for (C(X), 7,). Let & be a base at fo in (C(X), TV) with l&,30( = X((C(X), r,)), 
and let 2, be a dense subset of (C(X), 7,) with ]2)1 = d((C(X),TU)), We may 
assume that each B in & looks like B(fa, 4~) for some $B E C+(X). Define 
t3 = {B(f, 4B): f E D and B E &}. 
It now suffices to show that B is a base for (C(X),r,). So let f E C(X), and 
let +?J E C+(X). Since 2) is dense in (C(X),r,), there is a g E 27 n B(f,$). Then 
there exists a 4 E C’(X) such that B(g,$) c B(f, 4). Also there is a B E I30 so 
G. Di Maio et al. / Topology and its Applications 86 (1998) 105-122 111 
that WO,$B) c B(fo,+). T 0 see that B(g, 4~) C B(g, $), let h E B(g, 4~). Then 
h-g E WO,~B) c WO,$J), andh ence h E B(g, $I,). With this containment, we have 
that B is indeed a base for (C(X), rU). 0 
Lemma 2.7. For every X, d((C(x),~,)) < x((c(X),~,)) . c((C(x),~,)) and 
d((C(X),TkJ)) G x((C(X),7w)) . L((C(W77u)). 
Proof. Let F be a dominating subset of C+(X) with 1 FI = dn(X). To prove the 
first inequality, for each $J E F, use a Zom’s lemma argument to define a family ZA4 
satisfying: 
(1) each U in l44 looks like B(fu, &J) f or some f~ E C(X) and $U E C+(X) with 
lclu G (l/$); 
(2) 2.4, is pairwise disjoint; 
(3) l_li&, is dense in (C(X),T,). 
Note that for each 4 E F, I&, 1 < c( (C(X), 7,)). Now define 
27 = {fu: U E ZA@ for some 4 E F}. 
Ilen IDI 6 dn(X) . c((C(X), 7,)) = X((c(x),-r,)) . C((C(X), 7,)). 
It remains to show that 2) is dense in (C(X), rw); so let f E C(X) and $J E C+(X). 
Then there is a 4 E F such that (2/$) 6 4. Since U& is dense in (C(X), T,), there is 
some g E (UU+) n B(f, l/4). So let U E U$ be such that g E U = B(fu,$u). Then 
since $QJ < (l/4), for each IC E X we have 
Therefore fu E 27 f’ B(f, +), as desired. 
To prove the second inequality, for each 4 E F, let V$ be a subcover of 
{+f): f E C(X)} with IV,1 G L((C(X), 7.~)). 
Put C = {f E C(X): B(f, l/4) E V+ for some 4 E F}. 
Then 
ICI < dn(X) .L((C(X)A)) = X((c(x),L,)) .L((c(x),L)). 
Since U V, is a cover of C(X) the proof of a density of L is the same as above for 
v. 0 
Lemma 2.8. For every X, c((C(X), 7,)) 3 dn(X) and L((C(X), 7,)) 3 dn(X). 
Proof. Let F be any dominating subset of C(X). To prove the first inequality, by Zom’s 
lemma, we can find a maximal subset F’ of F such that {B(f’, 1): f’ E F’} is pairwise 
disjoint. To show that F’ is a dominating subset of C(X), suppose not. Then there 
is a g E C(X) such that no member of F’ is greater than or equal to g. Since F is 
dominating, there is f E F with g + 2 < f. Then for each f’ E F’, there is some 
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5 E X such that g(z) > f’(z); and thus f(x) b g(z) + 2 > f’(z) + 2. This says 
that for each f’ E F’, B(f, 1) f’? B(f’, 1) = 8. But then f could be added to F’, 
contradicting the maximality of F’. Therefore F’ is a dominating subset of C(X), so 
that c((C(X), 7,)) > IF’1 2 dn(X). 
To prove the second inequality, let G be a subfamily of F such that IGI < 
L((C(X),rw)) and {B(g, 1): g E G} is a cover of ((C(X),r,)). G is a dominating 
subset of C(X); the proof of this fact is similar as for F’ above. So L((C(X), rw)) 2 
IGI > dn(X). 0 
We now have from Theorem 2.3 and Lemmas 2.6-2.8 the following fundamental fact. 
Theorem 2.9. For every X, w((C(x),~~)) = d((C(X), TV)) = L((C(X),7,)) = 
c((C(XL rw)). 
The density of (C(X),T,) can be compared to the density of C(X) with the uni- 
form topology, 7~. Clearly the fine topology is finer than the uniform topology, so that 
4(C(X)7 r&J)) 2 d((C(X), Vu)). 
Theorem 2.10. For every X, d((C(X), 7,)) = h(X) . d((C(X), 5)). 
Proof. Since d((C(X), Q-~)) 2 c((C(X), 7,)) 2 &J(X) by Lemma 2.8, we have 
d((C(X),rJ) 2 dn(X) . ~(wanI)). 
For the reverse inequality, let F be a dominating subset of C+(X) with 1 FI = h(X). 
For each #J E F, let 2, be C(X) with its topology generated by 
{B(f,f>: ftC(X)andntN}. 
If we define 3: 24 + (C(X), r~) by s(f) = $f for each f E 24, then it is clear that 
s is a bijection. Also &B(f, l/r@)) = B(#f, l/n), so in fact $ is a homeomorphism. 
This means that for each 4 E F, d(Z+) = d((C(X), 7~)). 
Now for each 4 E F, let YD, be a dense subset of 24 such that 
ID4 = ~((wa~U)> 
Define 2) = U{D$: 4 E F}, which is a subset of C(X) such that 
It remains to show that 27 is dense in (C(X), rW). To this end, let f E C(X) and 
+ E C+(X). Then there is a 4 E F such that (l/r/~) < 4. Since DD, is dense in .Z’++,, 
there is some g E Vb n B(f, l/4); and hence g E D n B(f, ?,!I). 0 
Since d((C(X), 5)) = No if and only if X is compact and metrizable, it follows 
from Proposition 2.1, and Theorems 2.9 and 2.10 that the four properties of (C(X), 7,) 
being countable, being separable, being a Lindelof space, or having the countable chain 
condition are each equivalent to X being compact and metrizable. 
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If X is a paracompact space and Y a metrizable space, then the fine topology on 
C(X, Y) does not depend on the choice of a metric on Y [ 121. Indeed, Krikorian proved 
in [ 121 that if X is paracompact then the fine topology coincides with the Krikorian 
topology. 
The Krikorian topoZogy 7~ was introduced by Krikorian [ 121 and studied also in [ 11. 
This topology rK has a base consisting of sets of the form 
d((G)> W,P) = {f E C(X,Y): f(G) c V&> 
where (Co) is a locally finite closed cover of X, (VP) is an open cover of Y and cp maps 
o’s into ,Rs. 
The following theorem shows that even if X is countably paracompact normal the fine 
topology on C(X, Y) does not depend on the choice of a metric on Y, since under these 
conditions the fine topology coincides with the graph topology. 
The graph topology 7r was introduced by Naimpally in [ 181 and has as its basic open 
sets, sets of the form {f E C(X,Y): f c G}, w h ere G is an open subset of X x Y 
(here f is identified with its graph). If G is an open set in X x Y denote by FG the set 
{f E C(X, Y): f c G}. 
It is easy to verify that if Y is a metric space, then the fine topology r, is weaker 
than the graph topology q- on C(X, Y). 
In [l] is proved that for every X and Y the Krikorian topology rK is weaker than the 
graph topology rr. 
Theorem 2.11. Let X be a countably paracompact normal space and (Y, e) be a metric 
space. Then the fine topology rw and the graph topology rr on C(X, Y) coincide. 
Proof. It suffices to prove that rr c 7w on C(X, Y). If Y is a singleton we are done. 
So suppose Y is not a singleton. Let f E C(X, Y) and V be an open set in X x Y such 
that f E Fv. For every x E X put 
V(x) = {y E Y: (x, y) E v} 
Without loss of generality we can suppose that V(x)” is nonempty for every x E X. 
Now define the functions c, 7 as follows: 
g(x) = d(f(x), V(x)‘) for every 5 E X, and 
n(z) = sup { inf {c(y): y E U}: U E U(x)} for every 5 E X, 
where U(x) is the neighbourhood base at Z. It follows from the definition that n is lower 
semicontinuous and positive. X is countably paracompact normal space, so there is a 
continuous function E : X + IR such that 0 < E(Z) < n(x) for every x E X. Then 
B(f.&) c Fv. 0 
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From the previous theorem and the following one we can deduce that if Y is a 
separable metrizable space, then countable paracompactness and normality imply that 
the fine topology coincides with the Krikorian topology on C(X, Y). 
Theorem 2.12. Let X be a countably paracompact normal space and Y have a count- 
able base. Then the Krikorian topology TK coincides with the graph topology rr on 
C(X, Y). 
Proof. It is sufficient to show that 7~ C TK on C(X, Y). Let 0 be an open set in 
X x Y and f E C(X, Y) be an element of F 0. Let f3 be a countable base of Y. 
For every x E X there is an open neighbourhood 0, of x and Of,,, E B such that 
f(x) E OfcZ), f(0,) c OfcZ) and 0, x OfcZ) c 0. 
Let {Bi, &I,. . . , B,, . .} be an enumeration of elements of t3. For every n E N put 
0, = u (0,: f(0,) c B,, 0, x B, c o}. 
O,isopenforeveryn~Nand{0~,0~,...,0,,...}isacoverofX.Thecountably 
paracompactness and the normality of X imply that there is a locally finite closed cover 
ofX, {Cl,C2,...rCn,...}, such that C, c 0, for every n E N. We claim that 
f~d({C,,C2,...,Cn,...}:a,c~)cFo, 
where p(i) = i for every i E N. 
Let g E d({Ci,C2 ,..., C, ,... },B,cp). Let x E X. There is i E {1,2 ,..., n ,... } 
such that x E C, and g(x) E Bi. By the construction C, C 0, and Oi x Bi C 0, so 
(x,9(x)) E 0, i.e., g E Fo. 0 
Corollary 2.13. Let X be a countablyparacompact normal space and (Y, e) a separable 
metric space. Then the Krikorian topology TK coincides with the fine topology rW on 
C(X, Y). 
Proof. From Theorems 2.11 and 2.12 we have 7w = q- = TK on C(X, Y). 0 
Remark 2.14. Note that the assumption of countable paracompactness and normality is 
essential in Theorem 2.11 and Corollary 2.13. Take a pseudocompact space which is not 
countably compact. Then of course X can be neither countably paracompact nor normal. 
The fine topology r, coincides with the topology of uniform convergence rP on C(X, IR) 
for every p E M(R) [ 151. But the graph topology rr coincides with the topology of 
uniform convergence rP on C(X, II%) (p is the natural uniformity on R) if and only if X 
is countably compact [4]. 
3. The Krikorian and other topologies 
In this section we study relations between the Krikorian topology and the topology 
of uniform convergence on C(X, Y). Moreover in this section we show that if X is 
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a countably compact Tychonoff space and Y is a metric space, then the topologies of 
uniform convergence, Krikorian, fine, open-cover and graph all coincide on C(X, Y). 
Proposition 3.1. Let X be a pseudocompact space and Y be a Tychonoff space. Then 
the topology of uniform convergence rP is weaker than the Krikorian topology rK on 
C(X, Y) for every p E M(Y). 
Proof. Let p E M(Y). Let f E C(X,Y) and U be a symmetric element from /L. 
Consider 
U[f] = {g E C(X.Y): (f(x),g(x)) E U for every z E X} 
Let V be an open symmetric element from 1-1 with V o V o V o V c U. The set f(X) is 
totally bounded, so there are points yt , y2, . . , yn such that f(X) c V[{~Y, , ~2, . . i yn}]. 
ForeveryiE{1,2,..., rz} put U, = f-‘(V[yi]). Then Ut. U2:. , U, is an open cover 
of X, so also U&, Vi > X. (The bar means the closure.) Clearly 
f(V,)CV[yyi]CVoV[y,] foreveryiE{1,2,...:n}. 
PutC,=VoV[yi]foreveryiE{1,2,...,n}.ThesetV={~: i=1,2,...,n}isa 
locally finite closed cover of X and G = {Ci: i = 1,2, . . . , n} U {Y} is an op_en cover 
of Y. For every i E { 1,2, . . . . n} put p(i) = i. We claim that d(V, G, ‘p) c U[f]. Let 
h E d(V, G, ‘p) . Let z E X. There is i E { 1.2, . . . n} with z E E, so h(z) E C, = 
VoV[yi]. By the assumption f(x) E VoV[yi], so (f(z), h(z)) E VoVoVoV c U. 0 
Proposition 3.2. Let X be a countably compact space and Y be first countableparacom- 
pact. Then the Krikorian topology rK is weaker than the topology of uniform convergence 
rfi on C(X, Y) for every p E M(Y). 
Proof. Let d((CA (&),cp) b e a g iven element from 7~. so (Ca) is a locally finite 
closed cover of X, (4s) is an open cover of Y and ‘p maps a’s into /3’s. Let f E 
A( (C,), (VP), cp). The countable compactness of X implies that there are just finitely 
many elements of (Ca), say Cl, C2, . . , C,. Every C, (i = 1,2,. . , n) is countably 
compact, as a closed subset of X. Thus for every i E { 1,2,. . , n}, f(C) is a compact 
set as a countably compact subspace of the first countable paracompact space. For every 
i E { 1,2, , n} there is a symmetric element U, E ,LL such that Ui[f(Ci)] c VPc2,. Put 
Then U E p and we show that 
c[fl = (9 E C(X,Y): (f(4d)) E u} c d((G), (P’dcp). 
Let g E U[f] and i E {1,2,... ,n}. We show that g(C) C V,(i). Let 2 E Ci. Then 
(g(Z), f(x)) E U, so g(s) E U[.fCci)l Cvp(i). q 
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The following example shows that the condition of the first countability of Y in the 
previous proposition cannot be omitted. 
Example 3.3. Let Wa be the ordinals less than or equal to the first uncountable ordinal 
fi with the order topology and W = IV0 \ 0, with the induced topology from Wa. Let 
X = W and Y = Wo. So X is a countably compact space and Y is a compact space 
which is not first countable. Y has only one compatible uniformity, call it p. Let f be 
the identify function from X into Y. Consider {X} as a locally finite closed cover of 
X and {X} U {Y} as an open cover of Y. Of course, 
f E L = {h E C(X, Y): h(X) c x} 
Suppose there is U E p such that @:[f] c L. There is such z E Y that 
{(x, y) E Y x Y: 5 > Z, y > Z} c u. 
Define the following function g : X -+ Y 
g(x) = x if x < Z+ 1, and 
g(x) = 0 if x > z + 1. 
Clearly g is a continuous function such that g E @f , but of course g does not belong 
to L. 
The following result gives a converse of Proposition 3.2 if Y contains a nonisolated 
point. 
Proposition 3.4. Let Y be a Tychonoffspace with a countable local base at a nonisolated 
point. Let X be Tychonoff space. If the Krikorian topology 7~ is weaker than the topology 
of uniform convergence rP on C(X,Y) f or some ,u E M(Y), then X is countably 
compact. 
Proof. Suppose X fails to be countably compact. So there is a countable set {x,: n E IV} 
without a cluster point. For every n E N put C, = {xn} and CO = X. Of course, {Cn} 
is a locally finite closed cover of X. Let ya be a nonisolated point with a countable local 
base {V,: 72 E N} and put VO = Y. Let I be an identity function from N U (0) to 
N U (0). It is easy to see that d({&}, {I&}, I) is a 7~ neighbourhood of the function 
f = yo, which contains the rP neighbourhood of f for no h E M(Y). 0 
We can summarize the three previous propositions by saying that X being countably 
compact is equivalent to the statement hat for all first countable paracompact spaces Y, 
all compatible uniformities on Y induce the same uniform topology on C(X, Y), which 
is the Krikorian topology TK. 
Now we use the previous results to make some comments concerning Question 8.6 
in [l] whether the Krikorian topology and the open-cover topology on C(X, Y) are 
comparable? 
G. Di Maio et al. / Topology and its Applications 86 (1998) 105-122 117 
The open-cover topology r+ on C(X, Y) [14,9] can be defined as follows. Let G(Y) 
denote the set of all open covers of Y, and for each r9 E G(Y) and each f E C(X, Y) 
let 
79(f) = {g E C(X,Y): ‘dx E x g(z) E st(f(x)$)}. 
The open-cover topology is then generated by the subbase 
{r9(f): 6 E G(Y) and f E C(X,Y)}. 
Proposition 3.5. Let X be a countably compact space and Y be a first countable para- 
compact space. Then the Krikorian topology rK, the open-cover topology r* and the 
topology of uniform convergence rP coincide on C(X, Y) for every p E M(Y). If Y is 
a metrizable space then all the mentioned topologies on C(X, Y) coincide also with the 
fine topology rw and the graph topology rr. 
Proof. From Proposition 3.2 we have rK = TV on C(X, Y) for every p E M(Y). It is 
easy to verify from the proof of Proposition 1 in [14] that if X is countably compact 
and Y first countable paracompact, then r* = rfi on C(X, Y) for every p E M(Y). If 
Y is a metrizable space and X countably compact, then TV = 7r on C(X, Y) for every 
,Q E M(Y) [4] and rp = r, on C(X.Y) for every p E M(Y) [15]. 0 
Concerning the compatibility of the Krikorian and open-cover topologies, it is true that 
if X is a paracompact space and Y is a Tychonoff space then the Krikorian topology rK 
on C(X, Y) is finer than the open-cover topology r* [ 1,9]. Theorem 2.12 tells us that this 
is also true if X is a countably paracompact normal space and Y is a Tychonoff space 
with a countable base. However, in general the Krikorian topology does not coincide 
with the open-cover topology. 
Proposition 3.6. Zf X is a pseudocompact space that is not countably compact and Y is 
a nondiscrete metrizable space, then the Krikorian topology rK on C(X, Y) is strictly 
finer that the open-cover topology r*. 
Proof. By Proposition 1 in [14] r+ c 7p on C(X, Y) for every p E M(Y). By Proposi- 
tion 3.1 rp C rK on C(X, Y) for every p E M(Y), so r* c TK on C(X, Y). Suppose 
now TK C 7* on C(X,Y). Thus rK C ‘p for every /.A E M(Y). By Proposition 3.4 X 
must be countably compact. 0 
4. Equivalence of topologies on C(W, W) 
The following theorem analyzes the structure of C(W, W) and is of an independent 
interest, where W is the space of ordinal numbers defined in Example 3.3. 
Theorem 4.1. On C(W, W) the Krikorian topology TK, the graph topology rr, the 
open-cover topology r, and the topology of uniform convergence ru all coincide. 
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Proof. First we prove that TK = ?-r on C(w, w). Since the inclusion ?-K C 7~ is 
always true, it is sufficient to prove 7~ C 7~. Let V be an open set in W x W and 
f E C(W, W) such that f E Fv. We will consider two cases: 
(1) f is bounded; 
(2) f is unbounded. 
(1) Suppose there is p E W such that f(x) < /3 for every IC E W. There is ~0 E W 
and LY 6 p such that f(y) = a for every y > 20. (The family {f-l(~): y < /3} is a 
pairwise disjoint family of closed sets. By [3] from any two disjoint closed sets in W 
one is bounded.) 
There is ya > ~0, y. E IV and y < o such that {y} x (y, o] c V for every 
y > yu. For every y < ya there are open sets U, and Of(y~ such that y E U,, f(y) E 
Of(Y) G x Of(y) c V and f(4) c Of(+ Let V, be an open neighbourhood of 
y such that V, c V, c U,. The countably compactness of W implies that there are 
yl,y2,...,yn suchthat 
yn+1 = Yo + 1, 
V ?A+, = (Yolm), 
Of(%%+,) = (Y,4, and 
P(Yi) = f(YA i=o,1,2 ,...) n+l. 
Thus 
fEd((Vzt: i=O,1,2 ,..., ~s~},{O~(~~J i=O,1,2 ,..., n+l},,) cF,. 
(2) f is unbounded, so for every ,0 E W there is xcp E W such that xp > ,6 and 
f(zp) > p. Put H = {x E IV: f(x) = x}. F or every x E IV there is y E W such 
that y > z and y E H. Suppose not. Then there are a point x0 E W and a sequence 
{xcn} c W such that one of two conditions is true 
(a> XO<ZI <f(x1)<~2<f(4<... 
(b) XO<~(XI)<XI<~(~~)<X~<... 
Suppose (a) holds. Then by [II] there is a point z E IV such that {x,} and {f(x,)} 
converges to z. The continuity of f implies f(z) = z, a contradiction. The case (b) is 
similar. 
We claim there is /3 E W such that y > /?, z > p imply (y, z) E V. Suppose 
not. Then we can produce sequences {zn} c H, {y,}, {zn} c W such that for every 
n E W (yin, z,) q! V and 21 < yt < 52 < y2 < .. . < x, < yn < . ’ and also 
x1 < 21 < x2 < z2 < . . . < 5, < z, < . . . . There is y E W such that {x~}, {yn} and 
(2,) converges to y and also {f (xCn)} converges to y since f (xn) = 2, and that is a 
contradiction since (7, y) E V but (yn, z,) 4 V for every n E N. 
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Thus [P+ 1,~) x [P+ 1, ~1) C V. There is y E W such that y > /? and 
{x E w: f(x) G P} c [O, 7). 
For every Q < y there are open sets U,, V,, 0, such that 
cz E u, CU, c v,, f(VcY) C 0, and V, x 0, c V. 




Clearly ZA = {vat: i = 0, l! . , n} is a locally finite closed cover of W and 0 = 
{O,,: i=O,l,.. . , n} is an open cover of W and f E A@, 0, cp) c Fv. 
To prove the other equalities it is sufficient to show that rr c 7~. Then we are done 
since 7-u C T* always [14], r+ C 3-r always [9]. 
To prove or c P-J let f E C(W, W) and V an open set in W x W. Again we will 
consider two cases: 
(1) f is bounded; 
(2) f is unbounded. 
The case (1) is easy. 
In the case (2) there is /3 E W such that (p, ~1) x (p, WI) c V (see above). There is 
E W such that y > /3 and 
{z E w: f(x) < P} c [O,Y). 
The compactness of the set {(zr, f(z)): 2 < y} implies that there is VI E U (U is the 
only uniformity on W) such that 
{{z> x VI [f(z)]: z < r} c V 
Put V2 = [0, p] x [0, ,D] U (/?, WI) x (p, WI). Then V2 E Z4. Put further H = VI n V,. Then 
H E U and it is easy to verify that 
ii[f] = {g E C(W,W): g(s) E H[f(z)] for every 2 E W} C V. 0 
5. Proximal graph topologies 
In the last section we deduce from the previous results some answers and comments 
concerning questions in [l] about proximal graph topologies on C(X, Y). 
Let X and Y be Tychonoff spaces and 7 be the product topology. Let p be a proximity 
on the space X x Y [2] (i.e., p is compatible with r in the sense of [20] and p is EF- 
proximity in the sense of [l]). 
For every open set 0 in X x Y put 
O-={AcXxY: AnOf0) and Off = {A c X x Y: Ado”}. 
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Identify every continuous function f from X to Y with its graph. By p-proximal graph 
topology r.(p) (this is notation used in [I]) we mean a topology on C(X, Y) which has 
as a subbase all sets of the form O- n C(X, Y) and O++ n C(X, Y), where 0 runs 
over all open subsets in X x Y. 
Now let U and V be uniformities on X and Y, respectively. We consider the Haus- 
dorff proximity PH determined by uniformities U and V. It is related to the Hausdorff 
uniformity induced by U x V on the hyperspace CL(X x Y) of all nonempty closed 
subsets of X x Y. If A, B E CL(X x Y) then A~HB if and only if for every U E U, 
V E V there exists (z, y) E A such that (U[z] x V[y]) n B # 0. 
To define the Hausdorff uniformity on CL(X x Y), first for each U E 2.4 and V E V, 
Put 
WY,V = {(~C,Y), (u,w): (z,u) E U and (Y,v) E V}. 
The family of sets of the form W( U, V) is a base for the product uniformity for X x Y. 
Now for every U E U and V E V put 
W(U,V)” = {(A, B) E CL(X x Y) x CL(X x Y): A c W(U,V)[B] 
and B c W(U, V)[A]}. 
The family of sets of the form W(U, V) A is a base for the Hausdorff uniformity UH on 
CL(X x Y). Let TH be the topology on CL(X x Y) induced by UH. We can split TH 
into two parts: the upper part UrH and the lower part /rH. Let A E CL(X x Y) and 
U E U, V E V. A typical neighbourhood of A in UrH is of the form 
{B E CL(X x Y): B c W(U, V)[A]} 
and a typical neighbourhood of A in /rH is of the form 
{B E CL(X x Y): A c W(U, V)[B]}. 
Question 8.4 in [l] asks whether the coincidence of the Krikorian topology rK with 
the p-proximal graph topology r*(p) on C(X, Y) implies that X is pseudocompact? 
We have the following answer: 
Proposition 5.1. Let (X, 24) and (Y, V) b e uniform spaces and p be a proximity compat- 
ible with the product topology and such that pH 2 p. Let Y contain a nonisolated point 
with a countable local base. If the Krikorian topology TK coincides with the p-proximal 
topology r*(p), then X must be countably compact. 
Proof. By Theorem 5.9 in [l] rz(p) C rz(pH) C rv on C(X,Y). Thus rK C rv on 
C(X, Y) and by our proposition 3.4 we have that X must be countably compact, so X 
must be pseudocompact. 0 
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Question 8.2 in [l] asks under what conditions the Krikorian topology TK is weaker 
than the p-proximal graph topology rz(p) on C(X, Y) and Question 8.3 asks when the 
fine topology ~~ is weaker than the p-proximal graph topology r*(p) on C(X, Y). 
Proposition 5.2. Let X be a countably compact space and U be a uniformity on X 
induced by the Stone-tech compacti$cation. Let Y be a jirst countable paracompact 
space and V be a uniformity on Y. Then the Krikorian topology 7~ is weaker than 
the ,oH-proximal graph topology rz(pH) on C(X, Y), where pH is induced by i?,! and 
V. Also if Y is a metrizable space and V is a corresponding uniformity then the fine 
topology rW is weaker than rz(p~). 
Proof. Let f : X + Y be an arbitrary continuous map. The set f(X) is compact (since 
Y is first countable and paracompact). So the map f : X --+ f(X) admits a continuous 
extension f’ : p(X) + f(X) where /3(X) is the Stone-tech compactification of X. So 
f must be uniformly continuous with respect to U. As a result rz(p~) = TV, where 7-v 
is the topology of uniform convergence generated by V. (By 5.8 in [l] &(p~) = UTH 
on C(X,Y) and by [19] UTH = TV on any family of uniformly continuous functions.) 
Now we use the Proposition 3.2 under which TK c TV. If X is pseudocompact and V 
metrizable, then ‘I; = 7~ by [ 151. 0 
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